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1 Introduction 



Throughout the paper we use the notation: N = {1,2,...}, No = {0,1,2,...}, l(n) = 1, 
id(n) = n, idfc(n) = n k {k E C, n € N), [i is the Mobius function, * denotes the Dirichlet 
(f-) ■ convolution of arithmetic functions, £ is the Riemann zeta function. 

Let g and h be two completely multiplicative arithmetic functions and let f = g * h. The 
Busche-Ramanujan identities state that for every m, n € N, 



' a \ \ -> j. (m\ j. fn 



/(»)= E /(-)/(-) (i) 

a\gcd(m,n) 



and 

><| f(m)f(n)= f{^)9(a)h(a). (2) 



1 a|gcd(m,n) 



For example, these identities hold true for the following special functions /: (i) the function 
cifc = 1 * idfc, in particular, the divisor function d = 1 * 1 and the sum-of-divisors function 
a = 1 * id; (ii) the alternating sum-of-divisors function f3 = A * id, where A is the Liouville 
function, cf. [19]; (iii) the function R\ = 1 * where x 1S the nonprincipal character (mod 4), 
R(n) = 4i?i(n) representing the number of ordered pairs (x, y) £ Z 2 such that n = x 2 + y 2 ; (iv) 
Ramanujan's function r, defined by the expansion 



Y j T{n)x n = xf[(l - x n f\ \x\<l, 



n=l n=l 



where r = g\ * 52 with certain completely multiplicative functions (71,52 verifying gi(n)g2(n) = 
n 11 for every n G N, cf., e.g., [2, 9]. 

For history and discussion, as well as for generalizations and analogues of the Busche- 
Ramanujan identities we refer to [3, 5, 6, 10, 11, 12, 13, 14, 17, 20]. The functions which 
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are the convolution of two completely multiplicative functions are called in the literature spe- 
cially multiplicative or quadratic functions. See the papers [7, 15, 16] for various other properties 
of such functions. 

In the present paper we derive two new generalizations of the Busche-Ramanujan identities. 
Namely, we consider the values of a specially multiplicative function for products of several 
arbitrary integers (Theorem 1), and then deduce formulae for the convolution of several arbitrary 
completely multiplicative functions (Theorem 2). Our general formulae involve multiplicative 
functions of several variables and their Dirichlet convolution. Such a treatment explains also the 
equivalence of the identities of type (1) and (2). The proofs use simple arguments concerning 
formal multiple Dirichlet series of arithmetic functions of several variables and properties of 
symmetric polynomials of several variables. 



2 Preliminaries 

In the paper we use the following notions and properties. Let T r be the set of arithmetic 
functions of r (r G N) variables, i.e., of functions / : N r — » C. If f,g G J>, then their Dirichlet 
convolution is defined by 

(f *g)(ni,...,n r ) = ^2 f(ai,...,a r )g(ni/ai,...,n r /a r ). 

ai|ni, a r \n r 

The set JF r forms a commutative ring with identity 5, where 5(1, . . . , 1) = 1 and 6(ni, . . . , n r ) = 
for n\ ■ ■ ■ n r > 1. A function / 6 J r has an inverse under the convolution, denoted by f~ lr , if 
and only if /(l, . . . , 1) / 0. 

A function / G T r is said to be multiplicative if it is not identically zero and 

/(mini, . . . , m r n r ) = /(mi, . . . , m r )/(m, . . . , n r ) 

holds for any mi, . . . , m r ,ni, . . . , n r G N such that gcd(mi • • • m r ,n\ ■ ■ ■ n r ) = 1. If / is multi- 
plicative, then it is determined by the values f(p Ul , ■ ■ ■ ,p Ur ), where p is prime and u\, . . . , v r € No- 
More exactly, /(l, . . . , 1) = 1 and for any m, . . . ,n r G N, 

f(n 1 ,...,n r ) = Hf(p^\...,p^), 

v 

where rii = Y\ p p Up ( n ^ is the prime power factorization of m, (1 < i < r), the products being over 
the primes p and all but a finite number of the exponents v v [jii) are zero. 

The convolution of multiplicative functions is multiplicative. The inverse of a multiplica- 
tive function is multiplicative. If / G T\ is multiplicative, then the function (ni,...,n. r ) i-> 
f(n\ ■ ■ ■ n r ) is multiplicative. 

The (formal) multiple Dirichlet series of a function / G T r is given by 

/(m, . . . ,n r ) 



SI S r 

n/ ■•• n r 

ni,...,n r =l x 



D(f;si,...,s r )= 
We have 

D(f *g;s 1 ,...,s r ) = D(f; s 1 , . . . , s r )D(g; si, . . . , s r ), 

and 

Dif' 1 *-^!,.. .,s r ) = D(f;s±, . . . ,s r ) _1 , 
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formally or in the case of absolute convergence. 

If / € T r is multiplicative, then its Dirichlet series can be expanded into a (formal) Euler 
product, that is, 

D(f; Sl ,...,s r ) = [[ ^ UlSl+ ... + u r s r ■ 
p i/i,...,i/ r =0 

the product being over the primes p. 

If r = 1, i.e., in the case of functions of a single variable we reobtain the familiar notions 
and properties, cf. [1, 12, 17]. See [17, Ch. VII], [18], [20] for the case of several variables. 

We also need that in the one variable case, if g and h are completely multiplicative and 
f = g * h, then for every prime power p u (y £ N), 

( g(pr+ 1 -h( P y+ 1 () , h() 

f(p u ) = l 9(p)-h(p) ' 9{P)^ri{p), 
\(u + l)g(py, g{p) = h(p). 

Furthermore, if g is completely multiplicative, then 

"C*'>-n(i-^)"- w 



3 Results 

We prove the following results. 

Theorem 1. Let g and h be two completely multiplicative functions and let f = g * h. Let ipf 
be the multiplicative function of r (r > 2) variables defined as follows. For every prime p and 
every i>i,...,v r € No set 



^ f {p v \...,p u >) 



1, v\ = . . . = v r = 0, 

(-iy~ 1 g(p)h(p)f^~ 2 ), v x , . . . , v r E {0, 1}, j := v x + . . . + v r > 2, 
0, otherwise. 



Furthermore, let V 7 / 1 * be ^ e inverse under the r variables convolution of the function tpf. 
Then for every m, . . . , n T 6 N (r > 2), 



/(ni ■■■n r ) 



ai |ni , o r |ra 



and 



/(m).../(n r )= / 

ai [ni, ...,a r \n r 



1 ^ *(ai, . . . ,o r ). 



(5) 



(6) 



Theorem 2. Lei fi, ■ ■ ■ ,fk be completely multiplicative functions (k>2) and let F = fx*- ■ ■*/&. 
Let $f be the multiplicative function of two variables defined as follows. For every prime p and 
every Vx,V2 G No set 



1, J/i = z/ 2 = 0, 

(-lr+^e^C/l^),...,^^)), V!,U2 > \,v x +v 2 < k, 
^0, otherwise, 
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where ea(xi, . . . ,Xk) represents the elementary symmetric polynomial in x±, . . . , Xk of degree d. 
Furthermore, let 'dp 1 * denote the inverse under the two variables convolution of the function r? f ■ 
Then for every n\,n 2 G N, 



F( ni n 2 )= £ 



02), (7) 



oi|ni, a2\n2 

and 

F( ni )F(n 2 )= V F (^)# F u (a 1 ,a 2 ). (8) 

I I V a l a 2 J 

Theorems 1 and 2 reduce in the cases r = 2, respectively k = 2 to the Busche-Ramanujan 
identities (1) and (2). 

For Ramanujan's tau function and for the Piltz divisor function dk we obtain from our results 
the next identities. We recall that c4(n) is the number of ordered /c-tuples (x\, . . . , x^) of positive 
integers such that x\ ■ ■ ■ Xk = n. 

Corollary 1. For every n\, . . . ,n r G N (r > 2), 

T(n 1 ---n r )= ^ T " ' T ^r{ai,-- ■ ,a r ), 

ai \m, a r \n r 

where the multiplicative function ip T is defined for every prime p and every v\,...,v r G No by 



1, Ux = . . . = V r = 0, 

(_iy-yi r ( p i-2 )5 v\,...,v T G {0, 1}, j :=u 1 + ...+u r >2, 
0, otherwise. 



Corollary 2. Let k > 2. For every ni,n 2 G N, 

d k (n x n 2 )= ^2 d k ( — ) d k ( — ) •& k (a 1 ,a 2 ), 
ai\m,aa\n2 

where the multiplicative function $f. is defined for every prime p and every Ui,u 2 G Nq by 



Mp u \p p 



1, u x = v 2 = 0, 

(-1)^+^-1^* J, V U V 2 > 1,1/! + V 2 < k, 

0, otherwise. 



4 Proof of Theorem 1 

Formula (5) is a direct consequence of the following identity concerning multiple Dirichlet series: 
If g and h are completely multiplicative functions and f = g * h, then 

/(ni---n r ) / ^ f(ni)\ ( ^ f(n r )\ 



rii,...,ri r =l x \ni=l A / \n r =l 



X 



II 1 + »(p)fc(p) £(-ir W~ 2 ) E s^Let • ( 9 ) 



p \ j=2 l<«i<... <ij<r P 
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To obtain this result use (3) and (4). Since the function (rii, . . . ,n r ) \— > f(n\---n r ) is 
multiplicative, we deduce 



/(»!•• -TV) TT V- /(p" 1+ "' + '") 



Q ^lSl + ... + l^rSr 

ni,...,n r 



n, ■ • • n r * — ' V 

=1 1 p ui,...,v r =0 



oo 



n e 



g(pyi+-+»r+l _ h(j) yi+...+U r +l 



(g(p) - h(p))p U l S l+~+ U r s r 

using the convention that if g(p) = h(p) for some primes p, then we consider the limit values 
(for h(p) — > g(p)) of the corresponding fractions, i.e., the second formula of (3). 
Therefore, 

-H 1 ( 1 .MY l ( 1 .MY l ...( l .MY l ( 1 

\ L g(p) - Hp) \ p" J \ p" J \ p' r J \ 



Hp) 



Hp) 



P 

-1 



= D(g, 8l )D(h, si) • • • s r )D(h, s r ) 



II i - s(p)/i(p) ]C + »(p)/i(p) (g(p) + Hp)) 

p V i<^<i<^ i<i<j< 



<fc<r 



+(-l) r " 1 5(p)^(p) (sbr 2 + 5(p) r "^(p) + - - - + g(p)h( P ) r - 3 + %r 2 ) 



p° 

simplifying by g(p) — h(p). The computations are valid also in the case when g(p) = h(p) for 
some primes p. This gives (9). Formula (6) is obtained by expressing the function (ni, . . . , n r ) i— > 
/( n i) ' ' ' f( n r) from the convolutional identity (5). The proof is finished. 
Note that for the divisor function d formula (9) gives 



rai,...,n r =l 1 p \ j=2 l<ti<...<ij<r F 

which reduces in the case r = 2 to 



E 



ni,n2=l z 

These identities corresponding to the cases r = 2 and r = 3 were pointed out in [8, Sect. 
6]. We also remark that for the a function the common analytic version of (1) and (2) is the 
formula 

<?{nin 2 ) = C(si)C(si ~ !)C(s2)C(s2 - 1) 
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5 Proof of Theorem 2 

Let ed(xi, . . . , Xk) = Yli<h< <i d <k x h " ' x id he the elementary symmetric polynomial in x\, 
. . . , Xk of degree d (d > 0). By convention, eo(x\, . . . , Xk) = 1 and ed{xi, . . . , Xj.) = (d > k + 1). 
Furthermore, let hd{xi, • • • , = Yli<ix< <i d <k x h " ' x id stand for the complete homogeneous 
symmetric polynomial in x±, . . . , x^ of degree d [d > 0). By convention, }iq{x\, . . . , Xf.) = 1. We 
use the representation 



h d (xi, ...,x k ) = ^2xt +k ~ 1 Y[( Xl - x,)- 1 (d > 0), 



(10) 



i=l 



cf. [4]. We also need the well known polynomial identity 

n 

^2(-l) d e d (x 1 , . . . ,xk)h n -d(xi, . . . ,x k ) 



d=0 



1, 71 = 0, 

0, n > 1. 



(11) 



If fi,...,fk ar e completely multiplicative functions and F = /i * - - - * then for every 
prime power p 1 ' (i/ e N), 

F(y) =/i 2/ (x 1 ,...,a; fc ), 
where x% = flip) (1 < i < fc). Therefore, 



E 

ni,U2=l 



F(nin 2 ) 



n e 

p v~t,V2=0 



F(p Vl+V2 ) 



P 



n 



i^l, i^2=0 i=l .7=1 



\ 



n 



E^nt'.-i)" E (fr) (Sr) 

i=l j=l vi,V2=0 V 7 V y 



i'2 



J 7^ 



n 



i=l 



-1 fc 



X% Xj) 



n n(i 



i=l j=l 
3+i 



V 



*2 



n^(p" si 'P _s2 )' 



vn 2 =l 



where Qk{u,v) is the polynomial in 7j and u, given by 

k k 



fc— l 



Qk(u,v) = 1 Y[( X i~ X j) 1 (1 - Xjll) (I - XjV) = ^ C 



v m v n 



i=l j=l 



m,n=0 
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Here the coefficients c m ^ n (1 < m,n < k — 1) are given by 

k k 

c m ,n = (-lr+^xf" 1 Ufa - x j )- 1 e^}{x 1 , . . . ,x k )4\x u . . .,x k ) (12) 

i=l 3=1 

where (zi, . . . , x k ) = e m (xi, . . . , Xi + ±, . . . , x k ) (1 < i < A;). We will show that 

1, m = n = 0, 

(-l) m+n_1 e m+ „(xi, . . . , Xfe), m,n > l,m + n < A; 
0, otherwise. 

To this end, note that &m{x\, . . . ,x k ) = e m (xi, ... ,x k ) — x i e^ t ' ) _ 1 (xi, . . . , x k ) (1 < m < k), 
which leads to the identity 

m 

e$(xi, ...,x k ) = yii-lYxjem-eixi, . . -,x k ). 
e=o 

Therefore, from (12) we deduce 

k k m n 

Cm,n = (-l) m+n x \~ l 11^ ~ X j^>~ 1 ^2(-l) e 4 e m-<>(xi, . . . , X k ) J^(-l) s <e n _ s (xi, ...,X k ) 
i=l j=l 1=0 s=0 

m n k k 

= (_!)"•+» ^(-1)' +S em-K^i, • • • > Xk)e n - s ( Xl , ...,x k )J2 xi +s+k ~ 1 H( Xi - x 3 )~ l 

1=0 s=0 i=l j=\ 

m n 

= ^2(-l) e e m _ e ( Xl , ...,x k ) ^2(-l) s e n - s {xi, x k )hi +a (xu x k ), (13) 

1=0 s=0 

using again (10). For n = this gives, by (11), 



Cm,o = (~l) m y^(-lYe m ^i(xi, x k )hi(xi, ...,x k ) 

1=0 



1, m = 0, 
0, m>l. 



We deduce in the same way that co^ n — for n ^ 1. Now let ui, n ^> 1. Then the inner sum 
in (13) is, by denoting j = £ + s, 

n+e 

^2(-iy~ e e n+e _j(xi, . . .,x k )hj(xi, ...,x k ) 
j=e 

(n+i £-1 
Y J (-iye n+ i_ j (x 1 ,. . .,x k )h j (x 1 , ...,x k )- ^2(-l) J e n+i _ j (x 1 ,. . . ,x k )h 3 {xi,.. .,x k ) 
j=0 j=0 

i-\ 

= (-l)^" 1 e n+ i-j(xi, . . .,x k )hj(xx, . . . ,x k ), (14) 

j=0 
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since the first sum is zero, according to (11), where n + 1 > 1 + £ > 1 for every I > 0. For I = 
(14) is zero (empty sum). We obtain 

m l-\ 

c m , n = {-l) m+n ~ 1 'y]e m -e(x 1 , ...,x k ) y^(-l) J e n+ ^_j(xi, . . . , x k )h j (x 1 , ...,x k ) 
i=\ j=o 

and regrouping the terms according to the values t = I — j, 

m m—t 
C m ,n = (-l) m+n ~ 1 ^e w+t (xi, ...,X k ) y^(-l) J e m -f_j(xi, . . • , X k )hj {x\ , . . . } SCjfc), 
t=l i=0 

where the inner sum is for t < m and it is 1 for t = m. Therefore, 

Cm,n ( 1) f-m+n (*^lj • • • j -^fc) > 

which is zero for m + n > k. This finishes the proof of (7). Now (8) is obtained by expressing 
the function (711,712) h-> F(n{)F(n2)- 



6 Acknowledgement 

The author gratefully acknowledges support from the Austrian Science Fund (FWF) under the 
project Nr. M1376-N18. 



References 

[1] T. M. Apostol, Introduction to Analytic Number Theory, Springer, 1976. 

[2] T. M. Apostol, Modular functions and Dirichlet series in number theory, Second ed., Sprin- 
ger, 1990. 

[3] N. Balasubramanian, On the Busche-Ramanujan identities, Nieuw Arch. Wiskd., IV. Ser., 
15, (1997), 133-140. 

[4] E. F. Cornelius, Jr., Identities for complete homogeneous symmetric polynomials, JP J. 
Algebra Number Theory AppL, 21 (2011), 109-116. 

[5] P. Haukkanen, Classical arithmetical identities involving a generalization of Ramanujan's 
sum, Ann. Acad. Sci. Fenn., Ser. A I, Diss., 68 (1988), 69 pp. 

[6] P. Haukkanen, An exponential Busche-Ramanujan identity, Mathematica ( Cluj), 41 (64) 
(1999), 177-185. 

[7] P. Haukkanen, Some characterizations of specially multiplicative functions, Int. J. Math. 
Math. Sci., No. 37 (2003), 2335-2344 

[8] N. Kurokawa and H. Ochiai, A multivariable Euler product of Igusa type and its applica- 
tions, J. Number Theory, 129 (2009), 1919-1930. 

[9] F. Luca and I. E. Shparlinski, Arithmetic properties of the Ramanujan function, Proc. 
Indian Acad. Sci. (Math. Sci.), 116 (2003), No. 1, 1-8. 



8 



[10] P. J. McCarthy, Busche-Ramanujan identities, Amer. Math. Monthly, 67 (1960), 966-970. 

[11] P. J. McCarthy, Some more remarks on arithmetical identities, Port. Math., 21 (1962), 
45-57. 

[12] P. J. McCarthy, Introduction to Arithmetical Functions, Springer, 1986. 

[13] A. Mercier, Une representation pour la serie de Dirichlet engendree par f(n r M), ou / est 
multiplicative, Colloq. Math., 57 (1989), 353-359. 

[14] G. Rajmohan and V. Sitaramaiah, On regular ■(/'-convolutions II., Annales Univ. Sci. Bu- 
dapest., Sect. Comp., 27 (2007), 111-136. 

[15] D. Redmond and R. Sivaramakrishnan, Some properties of specially multiplicative func- 
tions, J. Number Theory, 13 (1981), 210-227. 

[16] R. Sivaramakrishnan, On a class of multiplicative arithmetic functions, J. Reine Angew. 
Math., 280 (1976), 157-162. 

[17] R. Sivaramakrishnan, Classical Theory of Arithmetic Functions, Monographs and Text- 
books in Pure and Applied Mathematics, Vol. 126, Marcel Dekker, 1989. 

[18] L. Toth, Menon's identity and arithmetical sums representing functions of several variables, 
Rend. Sem. Mat. Univ. Politec. Torino, 69 (2011), 97-110. 

[19] L. Toth, A survey of the alternating sum-of-divisors function, submitted, 
http : //arxiv . org/abs/ 1 111 . 4842 

[20] R. Vaidyanathaswamy, The theory of multiplicative arithmetic functions, Trans. Amer. 
Math. Soc, 33 (1931), 579-662. 

Laszlo Toth 

Institute of Mathematics, Universitat fur Bodenkultur 
Gregor Mendel-StraBe 33, A-1180 Vienna, Austria 
and 

Department of Mathematics, University of Pecs 
Ifjusag u. 6, H-7624 Pecs, Hungary 
E-mail: ltoth@gamma.ttk.pte.hu 



9 



